Abstract. This paper examines the economic performance of CSP-1, under specified outgoing quality limit (AOQL) and a realistic assumption of linearly variable acceptance cost. A mathematical programming model is developed to determine the unique combination of the plan's parameters (i*, f*) for which minimum total cost, per item produced, is achieved. Extended sensitivity analysis explores the behavior of the proposed model and validates its satisfying adaptation to real quality control conditions.
Introduction
Continuous sampling plans were introduced by Dodge (1943) and ever since have prevailed in the quality control procedures of continuous flows of discrete products. The CSP-1 involves the alternation of periods of 100% inspection and sampling, and assumes that the manufacturing process is statistically controlled, meaning that the probability of producing a non-conforming item is constant and equal to p. The modern approach to continuous sampling plans is characterized by economic objectives. The cost minimization of a plan's implementation turned to be the state of the art in the research area of modern industry. The basic costs involved in the implementation of a continuous sampling plan are the inspection cost, the replacement cost and the acceptance cost. Inspection cost expresses the labor cost of the inspector and the cost of using the inspection equipment and can be considered constant (per unit)during a quality control process. The replacement cost reflects the cost of replacing an item found non-conforming and can also be considered constant. The acceptance cost expresses the cost of not inspecting a non conforming item during the sampling phase and is related to the cost of the loss of the customer's goodwill. It can be argued that the last cost is very susceptible to slight changes in the plan's parameters or to the general conditions of the process. In this paper, the economic design of CSP-1 under linear acceptance cost is presented. A modification to the Cassady et al's (2000) model allows formulating a mathematical programming model and determining the parameters values that ensure minimization of the total expected cost per item produced.
2 The economic model of CSP-1 under linear acceptance cost
To avoid unnecessary complexity, the proposed economic design of continuous sampling plans will be examined only for the case of the simpler one, CSP-1, as it was introduced by Dodge (1943) . This economic design is based mainly on the findings of Cassady et al (2000) . Defining the inspection cycle as the portion of the production flow constituted by one phase of 100% inspection and one sampling phase (Figure 1 ), Cassady et al (2000) claimed that the total expected cost of implementing CSP-1 per unit produced during one inspection cycle is dependent on the following three costs:
• the fixed cost (c s ) of inspecting an item. Let C s be the random variable expressing the inspection cost per item produced. It is easily derived that E(C s ) = c s AFI(p), where AFI(p) is the long run average portion of items inspected.
• the fixed cost (c r ) of replacing an item, that has been found to be nonconforming. This cost includes the cost of producing the replacement item, the inventory and obsolescence costs associated with storing the replacement items, and the costs of reworking or disposing of the found non-conforming item. Let C r be the random variable expressing the replacement cost per item produced. Obviously, E(C r )=c r AFI(p)p.
• the cost of accepting (without inspection) a non-conforming item during the sampling phase. This cost includes warranty costs, service costs, liability costs and the costs of the loss of the customer's goodwill. Let C a be the random variable expressing the acceptance cost per item produced. Experience and common sense support the following relationship between the three costs [?] :
The values of c r and c s are usually fixed and basically dependent on the kind of products checked, the special conditions of quality control imposed by the product features or the consumer's demands and the structure of the production line. The value of c a however cannot be considered constant because it is composed by additional fluctuating costs reflecting the variable consumer's loss of goodwill (dependent on the quantity of defective items encountered), the cost of withdrawing defective items from the market and the cost of preserving the market's tolerance (dependent on general financial conditions). Therefore the economic design of a continuous sampling plan would have been more realistic if it involved a variable acceptance cost. This economic design is expressed through the following assumptions which are also considered fundamental for formulating a mathematical programming model:
• The per item inspection and replacement costs are considered constant.
• the cost of accepting a non-conforming item found during the sampling phase is linearly proportional to the average number of items (per inspection cycle) not inspected in the sampling phase, • the production process is under statistical control (the probability of an item to be non-conforming is constant and equals p), • the inspection is perfect, • non-conforming items are repaired or replaced.
¿From Cassady [?], the total expected cost per item produced is then given by the sum:
If we define u as the expected number of items inspected during the phase of 100% inspection, and v as the expected number of items passing during the sampling phase of an inspection cycle, then it can be derived [?] : that u and v for the case of CSP-1 are:
where q=1-p.
Thus AFI(p) is easily computed:
Substituting the AFI (p) from (5) into (2), we take the total expected cost per item produced:
However according to the second assumption, the acceptance cost is variable and defined as:
where λ is the constant of the per item acceptance cost composed of a fixed portion and µ is the constant of the per item acceptance cost composed of a variable portion. Substituting equation (7) into (6), we take the following analytical form of the total expected cost per item produced, given that the acceptance cost is not constant.
After acquiring the analytical expression of the total expected cost, the determination of the CSP-1 parameters that provide both a specified AOQL and minimization of the total expected cost is mathematically and computationally feasible. Modifying Cassady et al's model, the nonlinear mathematical programming model arising is as follows:
where AOQ is the average outgoing quality and AOQL is the specified by the consumer maximum value of AOQ. Dodge [?] derived that:
where p l is the value of p where AOQL is achieved. Therefore, equation (11) gives the value of f (for a given value of i ) for which AOQL is reached. Thus the mathematical programming model (9) reduces to:
For given values of i, and using the constraint of the model (12) to determine f, a unique combination of (i*, f*) can be found that ensures minimum E(C).
Realistic values for the parameters of the linear model -Numerical Example
The effect of the C a (in eq. 7) on the configuration of the total cost is substantial, as will be demonstrated in the extended sensitivity analysis of the next paragraph. Consequently, the choice of these parameters should be thoroughly tested as well as their adaptation to real conditions of quality control. However, experience has led us to criteria usually adequate to limit the number of probable values of these parameters. More specifically, as a rule of thump, the values of λ and µ should ensure that:
• the value of c a is greater than the inspection and replacing costs, i.e. c a > c s , c r , as stated in (1), • the value of c a is at most five times the replacing cost, i.e. c a ≤ 5c r .
For example, for c s =1, c r =20, AOQL=0.1% and p=0.25%, a combination of λ and µ that ensures relation (1) and at the same time total cost is minimized, is (λ,µ) = (1,10). For this example, the minimum cost is achieved for (i, f)=(551, 0.277) and the acceptance cost per unit produced is 27.043.
Sensitivity analysis

The effect of the incoming fraction of defective items (p)
Table 1 presents the behavior of the minimum E(C) for CSP-1, for specific values of the parameters and varying p. It is easily perceptible that:
• i* decreases firmly as p increases.
• f* increases firmly as p increases.
• AFI increases with p. This finding was expected because as p increases it is more likely that 100% inspection will be conducted.
• E(C) is increasing with p, while the acceptance cost c a decreases. Table 1 . Economical results for CSP-1 under different values of incoming quality p (λ=1, µ=8, cs=1, cr=20, AOQL=0.1%).
4.2 The effect of the variable portion of the acceptance cost (µ). Table 2 depicts the behavior of i* and E(C) as the variable portion of the acceptance cost (µ) increases. It is easily observed that i* decreases and E(C) increases slightly.
4.3 The effect of the screening cost c s Table 3 provides the intuition that as the screening cost c s increases, the i* increases, f* decreases gradually and E(C) is also rapidly increasing.
The effect of the replacement cost c r
The last but not least economic factor whose effect on the economic performance of CSP-1 should be examined is the replacement cost c r . As shown in table 4 the i* gradually increases with c r while f* decreases slowly. The total expected cost per item produced E(C) increases slowly with c r . Table 4 . Economical results for CSP-1 under different values of replacement cost cr (λ=1, µ=8, cs=1, AOQL=0.1%, p=0.25%).
Conclusions
In this paper an extended modification of Cassady et al's (2000) model is proposed attempting to minimize the total expected cost per unit produced, under:
• a specified average outgoing quality limit (AOQL) and • the more realistic assumption that the acceptance cost c a varies linearly with the not inspected, non-conforming items during sampling phase.
Extended sensitivity analysis has been conducted to scrutinize the effect of a fluctuating set of parameters on the economic performance of CSP-1. Much research has to be done to thoroughly examine the economic performance of continuous sampling plans, under more complex cost conditions. The case of non linearly variable cost promises an optimized adaptation to real quality control conditions.
